We discuss the A-model as a gauge fixing of the Poisson Sigma Model with target a symplectic structure. We complete the discussion in [4] , where a gauge fixing defined by a compatible complex structure was introduced, by showing how to recover the A-model hierarchy of observables in terms of the AKSZ observables. Moreover, we discuss the off-shell supersymmetry of the A-model as a residual BV symmetry of the gauge fixed PSM action.
Introduction
Poisson Sigma Model (PSM) and A-model are relevant examples of two dimensional topological quantum field theories. The A-model is a sigma model of maps from a Riemann surface to a symplectic manifold and computes the Gromov-Witten invariants of the target manifold [14, 15] . The most general formulation of the A-model depends on the choice of a compatible almost complex structure [14] , but correlators are independent of it. When the almost complex structure is integrable, in the Kähler case, such a model can be obtained as a topological twist of the supersymmetric sigma model. The supersymmetry transformation is responsible for the localization of the model on the space holomorphic maps and eventually for its non perturbative definition. In the twisted formulation, this operator squares to zero only on shell, but an equivalent formulation with an off-shell cohomological supersymmetry can be obtained introducing auxiliary fields as in [14] .
The PSM is a sigma model with target a general Poisson structure, possibly degenerate; when considered on the disc it reproduces the Kontsevich formula for deformation quantization of the target Poisson structure as a correlator of boundary observables (see [5] ). It is defined in terms of the AKSZ solution of the classical master equation in the Batalin-Vilkovisky formalism [1, 10] . It must be gauge fixed by choosing a Lagrangian submanifold of the space of fields. The general BV theory assures that a deformation of the Lagrangian does not affect the correlators; nevertheless, there can be different homology classes giving rise to inequivalent physical theories. In [4] it was shown that when one considers the PSM with target the inverse of the symplectic form of a Kähler manifold, the complex structure can be used to define the gauge fixing. The gauge fixed action coincides then, after a partial integration, with the action of the A-model.
We complete in this letter the comparison by showing that the relevant features of the A-model, observables and supersymmetry, have a natural BV interpretation in the complex gauge fixing of the PSM.
Let us discuss first observables. Every de Rham cohomology class of the target manifold defines a hierarchy of observables of the A-model, whose mean values compute the Gromov-Witten invariants. In the AKSZ construction, there is a natural class of observables defined starting from cohomology classes of the odd vector field encoding the geometry of the target [10] . In the case of the PSM, this cohomology is the Lichnerowicz-Poisson (LP) cohomology; in the non degenerate case, this is canonically isomorphic to the de Rham cohomology. It is then natural to think that the observables of the PSM should reproduce the hierarchy of observables of the A-model after gauge fixing. We show that this is true but in a non trivial way.
Indeed, for every Poisson structure the contraction with the Poisson tensor defines a map from forms to multivector fields, intertwining de Rham with LP differential. We prove that for observables associated to multivector fields lying in the image of such a map, there is an equivalent form, up to BV operator Q BV and de Rham differential d exact terms, that in the non degenerate case and after gauge fixing reproduces the A-model hierarchy. We call these observables A-model like observables. This fact gives an interpretation of the well known independence of the Gromov-Witten invariants on the choice of the compatible complex structure in terms of independence on the choice of the gauge fixing.
Next, we discuss the residual BV symmetry. This is an odd symmetry of the gauge fixed action, that depends on the choice of a tubular neighbourhood of the gauge fixing Lagrangian. It is not true that a BV observable is closed under the residual symmetry when restricted, yet it is closed modulo equations of motion. Moreover, the residual symmetry squares to zero only on shell. We prove that in the case of the complex gauge fixing of the PSM with symplectic target, under some assumptions, there exists a choice of the tubular neighbourhood such that the residual symmetry squares to zero off shell and reproduces Witten Q supersymmetry with the auxiliary field considered in [14] . In particular, the A-model observables are closed under the residual symmetry.
In [16] it has been discussed an approach to the quantization of symplectic manifolds based on the A-model defined on surfaces with boundary. This is a quantum field theoretic approach to quantization that should be compared to the results of [5] and suggests a non trivial relation between the A-model and the PSM with symplectic target on surfaces with boundary that is worth investigating. This requires a comparison of boundary conditions of the two models that we plan to address in a future paper. 
where ∂ r and ∂ l denote the right and left derivative, respectively. The CME is expressed in these local coordinates as
The gauge-fixing is performed by restricting the action to a Lagrangian submanifold L ⊂ F . The idea is that Q BV can be projected to a vector field over L in such a way that the result is a symmetry of the gauge fixed BV action
This can be done by choosing a symplectic tubular neighbourhood of the Lagrangian, i.e. a local symplectomorphism F ∼ T * [−1]L restricting to the identity on L . If we denote by ι : L → F the inclusion map and with π : F → L the projection map, the residual symmetry can be then defined by:
More concretely, we can think of this tubular neighbourhood as an atlas of canonical coordinates {x,
so that the projection π(x, x † ) = x is well defined. For every function f on L we have:
In particular, it follows that Q π L (S L ) = 0 because of the CME (1). The odd version of Weinstein's theorem on the existence of a local symplectomorphism between a neighbourhood of a Lagrangian submanifold and
]L was proved in [11] . It must be pointed out that such a choice is non canonical and non unique: each symplectomorphism of F into itself which keeps L fixed defines a new symplectic tubular neighbourhood. This ambiguity corresponds to the freedom to combine it with a trivial gauge transformation:
Indeed, let's see what happens if we change the tubular neighbourhood by composing the residual symmetry with a canonical transformation that leaves L fixed. Let us consider a finite canonical transformation (x,
Since we want that the new atlas be adapted to L, we have to impose that
L defined by F is easily found to be:
where we used the following relations:
We see that the tensor µ ab defined in (4) is, in this example:
with the correct symmetry properties (remember that |F | = −1). Notice that the variation of the residual symmetry depends only on the quadratic terms of the generating function with respect to the antifields. The residual symmetry squares to zero only on-shell, i.e.
where σ ab is the quadratic term in the antifield expansion of the action:
This allows, in particular, to define its on-shell cohomology. In fact, due to the CME, the residual symmetry preserves the space of critical points of S L . We call then on-shell cohomology the cohomology of the restriction of the residual symmetry to the critical points. Since a change of the tubular neighbourhood only modifies the residual symmetry by a trivial transformation, we have that the on-shell cohomology does not depend on the choice of tubular neighbourhood. We denote it as H on (Q BV , L) . The restriction of BV observables to the Lagrangian submanifold gives a map in cohomology
Indeed the condition of being Q BV -closed, once restricted to L , reads:
where
-closed modulo equations of motion. Moreover, if the symmetries of the gauge fixed action are only trivial, this map is an isomorphism (see [7] , Thm. 18.5).
We will be interested in the off shell residual symmetry. The freedom of changing the symplectic tubular neighbourhood can be used to look for a residual symmetry squaring to zero on all L, not only on shell. From (9), a tubular neighbourhood defines the quadratic part of the BV action σ = 1 2
, where the grading is the (opposite) fibre degree.
By looking at (8), we see that the residual symmetry
When this happens, the off-shell cohomology is also defined, namely the cohomology of the residual symmetry. It is clear from (11) that the restriction of a BV observable to the gauge fixing Lagrangian is not in general closed under the residual symmetry.
PSM and A-model and their observables
We review in this Section the definition and basic properties of PSM and Amodel.
A-model
Let us introduce first the A-model following [14] . It is a sigma model of maps from a Riemann surface Σ , with complex structure ε , to a smooth 2n-dimensional Kähler manifold M , with complex structure J . Let us introduce local coordinates {σ α } on Σ and {u µ } on M . Indices are raised and lowered using the Kähler metric. The field content of the theory is given by a bosonic map φ : Σ → M with charge 0; a section χ of φ * (T M ) with charge 1 and fermionic statistic; a oneform ρ on Σ with values in φ * (T M ) , with charge −1 and fermionic statistics and a one-form H on Σ with values in φ * (T M ) , with charge 0 and bosonic statistics. Finally, both ρ and H satisfy the self duality property:
The action is given by 
It can be seen that the odd vector field Q squares to zero. The field H enters quadratically into the action so that it can be integrated out. After this integration, the action is invariant after an odd vector field that squares to zero only on shell. Moreover, the comparison with the PSM model is more natural including this auxiliary field, so that we will keep it without integrating. The observables of the A-model are defined by classes of de Rham coho-
with associated A-model observables:
where γ k is a k-cycle on Σ . They satisfy
ω,γ i = 0.
Poisson Sigma Model
Let us introduce now the Poisson Sigma Model (PSM). Let (M, α) be a Poisson manifold with Poisson tensor field α and let Σ be a two dimensional closed surface. The PSM in the AKSZ formalism is a two dimensional topological sigma model whose field content is the space of maps between graded manifolds
If we introduce local coordinates x µ on M and u α on Σ , a point of F Σ is given by the superfields
where θ α denotes the degree 1 coordinate of T [1]Σ . If we change coordinates on M as y a = y a (x), the superfields transform as:
The space of fields F Σ is a degree −1 symplectic manifold with symplectic structure given by
where dudθ is the canonical Berezinian on T [1]Σ . The action is given by
The BV vector field Q BV = {S BV , −} reads
where d is the de Rham differential on Σ . We will be interested in the hierarchy of observables defined by Lichnerowicz-Poisson cohomology. We recall that the LP differential on multivector fields of M is defined as
; it squares to zero since α is Poisson and we denote by H LP (M, α) its cohomology. Let ev :
M be the evaluation map, and let us denote O v = ev
v in form degree and assume
Thus we have a hierarchy of BV observables [O
Let us discuss now a subclass of these observables. The map α : [13] ) so that it descends to α :
. If the Poisson structure is non degenerate, it is an isomorphism between differential forms and multivector fields and induces an isomorphism between LP and de Rham cohomologies.
When the LP cohomology class is in the image of this map (which is always the case when α is non degenerate), there is an alternative expression for the corresponding PSM observable, that we are going to discuss next. A long but straightforward computation shows that the PSM observable O α(ω) = ev * ( α (ω)) for a closed ω ∈ Ω • (M ) can be written in the following form
where we have defined
and b µ = α µν b ν . As a consequence of (24), for each closed form ω and k-
ω define the same Q BVcohomology class.
Complex gauge fixing
We discuss in this section how the A-model is recovered from the PSM with Kähler target. Let us consider now the PSM with target the inverse of the Kähler form. In [4] a gauge fixing has been introduced such that the gauge fixed PSM action, after a partial integration, coincides with the action of the A-twist of the Supersymmetric sigma model.
Let us introduce complex coordinates z on Σ and x i on M . Let us consider the Lagrangian submanifold L εJ ⊂ F Σ defined by
The coordinates on L εJ are collectively called X = {xī, η zī , η 
In these coordinates the gauge fixed action reads
where Λ, T are real tensors on M . In (27) Greek letter indices run over all coordinates, holomorphic and antiholomorphic. We collect here the explicit transformations
We see that the new atlas is adapted to L εJ , and changes the tubular neighbourhood provided Λ and T are non vanishing. One then finally computes the new residual symmetry as:
It is easy to check that (Q
2 is zero on x and b . Requiring also the vanishing of
fixes the following conditions:
It can be explicitly shown that these constraints on Λ and T are sufficient to have also (Q
The possibility of choosing a tubular neighbourhood, for which the residual symmetry is cohomological, thus depends on the existence of an invertible orthogonal (1, 1) tensor Λ satisfying ΛJ + JΛ = 0 . There are obstructions to the existence of this structure; for instance a direct computation shows that it does not exist on S 2 . This choice is possible in many cases, for instance when Λ is a complex structure that defines, together with J , a hyperkähler structure with hyperkähler metric g . We remark that these data define the space filling coisotropic brane discussed in [8] and appear in the quantization scheme through the A-model described in [16] . It is not clear to us if the above condition on Λ is also necessary and so if there is really an obstruction to the existence of the cohomological residual symmetry. Finally let us compare the gauge fixed action and its residual symmetry with the action of the A-model and its supersymmetry. Let us define Gromov-Witten invariants are independent on the choice of complex structure, as in the BV setting this corresponds to a choice of gauge fixing.
This analysis should be extended to the case with boundary. Both models provide a framework for quantization of the symplectic structure on the target. On the PSM side, the Kontsevich formula [9] for deformation quantization is reproduced in [5] as a correlator of the model on the disk. On the A-model side, in [16] the quantization is provided by the space of coisotropic branes. It will be natural to develop for this case the BV-BFV construction introduced in [6] .
